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1. Introduction and preliminaries

Let ¥, denote the class of functions of the form

(1.1) f2)=2"7+) az* (peN:={1,2,3,..}),
k=0

which are analytic in the punctured open unit disk
U*:={z: ze€ Cand 0 < |z| <1} =: U\{0}.

Let H(U) be the linear space of all analytic functions in U. For a positive
integer number n and a € C, we let

Hla,n] :={f e H(U): f(2) =a+apz"+an 12" +---}.

*. Corresponding author
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Let f, g € ¥,, where f is given by (1.1) and g is defined by
o0
g(z)=2z"P+ Z b2".
k=0

Then the Hadamard product (or convolution) f * g of the functions f and g is
defined by

(f*9)(2) :=2P 4> apbpz® = (g% f)(2).
k=0
Let P denote the class of functions of the form

[o.¢]
p(z) =1+ pz",
k=1

which are analytic and convex in U and satisfy the condition R(p (2)) >0 (z €
0).

For two functions f and ¢, analytic in U, we say that the function f is
subordinate to g in U, and write f(z) < g(z), (z € U), if there exists a Schwarz
function w, which is analytic in U with w(0) = 0 and |w(z)| < 1 (2 € U) such
that f(z) = g (w(2)), (z € U). Indeed, it is known that f(z) < g(2),(z € U) =
£(0) = g(0) and f(U) C ¢g(U). Furthermore, if the function g is univalent in U,
then we have the following equivalence:

f(z) < 9(z) (2€U) < f(0) =g(0) and f(U) C g(U).

In a recent paper, El-Ashwah [6] defined the multiplier transform D;L’; of
functions f € X, by

o n
_ A+ 1k +p)
D”’lf(z) =z p+Z< apz®
A
(1.2) P — A
(z€eU*5 A>0;120; neNy:=NU{0}; peN).
It should be remarked that the operators ’Di\lll and D?ll are the multiplier

transforms introduced and investigated, respectively, by Sarangi and Uralegaddi
[14], and Uralegaddi and Somanatha [18, 19]. Analogous to Dn}f, we here define

a new multiplier transform I;L’pl . as follows.

By setting
N = A+ Uk+p)\"
frp(2) =z ”+Z<(A )> 2",
k=0
(1.3) (zeU*5 n,120; A>0; peN),

we define a new function f;’;u(z) in terms of the Hadamard product (or convo-
lution):
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(14)  fl(2) = fi (2) = (z€U5 X\, np>0;n,120; peN).

z(1— z)»
Then, analogous to Df\l’;, we have
(1.5) Ty, F(2) = fun (2)« f(2), (z€U% feX,),

where (and throughout this paper unless otherwise mentioned) the parameters
n, l, p, A and p are constrained as follows:

n=0;120 peN, A\>0and pu > 0.
We can easily find from (1.3), (1.4) and (1.5) that

A n
L 7l _ p )k+1 k U*
( 6) )\,py, =z +Z k+1 )\+l<k+p) agz -, (ZE )7
where (p) is the Pochhammer symbol defined by
1, k=0),
(1) = =0
plp+1) - (p+k—1), (keN).

Clearly, the operator I;f 11 (n € Np) is the well-known Cho-Kwon-Srivastava
operator (see, for more detaﬂs, 2, 3, 8, 13, 15]).
It is readily verified from (1.6) that

(L7) 1 (Th ) () = AT 0 () — O+ PO TR (2),
and
(1.8) (Bl ) () = WTp n F2) = (4 DI S (2).

By making use of the principle of subordination between analytic func-
tions, we introduce the subclasses MSy(n; @), MKp(n; ¢), MCy(n,d; ¢,1) and
MQC,(n,d; ¢,1) of the class ¥, which are defined by

Wwﬂm@:{fe%ipiUQfﬂ$%w><M%

(peP;, 0=n<p; zeU)},
o L )
My 0) = {1 e 3,0 2 (<= ) <o),
(peP; 0=n<p; z€U)},
.MQMAmwo:{fe&uagewwym@

LGN L
such that =3 < 9(2) 5> < Y(2)

w,¢€P;0§m5<p;z€@}7
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and

MOC, (1, 5: 6,10) = {f €%, 3 g€ MKy(n;9)

1
such that p—&(_ —5) <Y(z),(p, Y E€P; 0=, 6 <p; zGU)}.

Indeed, the above mentioned function classes are generalizations of the gen-
eral meromorphic starlike, meromorphic convex, meromorphic close-to-convex
and meromorphic quasi-convex functions in analytic function theory (see, for
details, [1, 7, 11, 12, 16, 17, 20, 21, 22]).

Next, by using the operator defined by (1.6), we define the following sub-

classes MSY)  (n; ), MKY) (150), MCY) (0, 0;¢,4) and MQCY) (0, §; 6,))
of the class ¥, :

MSyL o) = {fex,: T f e MS;m0)},
M, (0 ) ::{fezp V) € MKy(n ¢)},

MCY) (1,65 0,1)) = {fezp IV f € MCp(n, 60, 1/1)}
and

MQOCY] (n,0;6,4) = {f €y Iy, f € MQC,(n,5; ¢, w)}

Clearly, we know that

(1.9) fGM’CAM( ;¢) = —zf' GMSAW( ;9),
and
(1.10) f e ML (1,6:6.0) <= —zf € MCyL (1.6;6.0).

In order to prove our main results, we need the following definition and
lemmas.

Definition 1. (See [10]) Denote by @ the set of all functions f that are analytic
and injective on U — E(f), where

E(f) = {EEGU: limf(z):oo},

Z—E€
and such that f/(¢) # 0 for e € U — E(f).

Lemma 1 ([5]). Let k,9 € C. Suppose also that m is conver and univalent in
U with
m(0) =1, and R(km(z)+9I) >0, (z€U).
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If u is analytic in U with u(0) = 1, then the subordination

u(z) + 7%/(2)

() + 0 <m(z), (z€0U)

implies that
u(z) <m(z), (z€l).

Lemma 2 ([9]). Let h be convex univalent in U and ¢ be analytic in U with
R(C()) 20, (z€D).

If q is analytic in U and q(0) = h(0), then the subordination

q(2) +¢(2)2¢'(2) < h(z), (2 €D)

implies that
q(z) < h(z), (z€l).

The main purpose of the present paper is to investigate some inclusion rela-
tionships and integral-preserving properties of the subclasses

MSL (1:6). MICEL (1:6), MCYL (0. 6:6,9) and MQCY) (n,5:6,4)

of meromorphic functions involving the operator I;l’pl - Several subordination
and superordination results involving this operator are also investigated.

2. The main inclusion relationships

We begin by presenting our first inclusion relationship given by Theorem 1
below.

Theorem 1. Let 0 S n < p and ¢ € P with

pw+l—n X+pl—nl
p—n = (-l

(2.1) max {R(o(2))} < min{ } , (z€D).
Then

MSf\L,zi u+1(77’ ®) C MSK:;,M(UQ $) C MS’;?M’( . 4).

Proof. We first prove that

(2.2) MSYL () © MSY (0;.6).

D1

Let f € MSY (n; ¢) and suppose that

(1) ()
(2.3) h(z) == i - <2”;’“> —nl,
p—n I/\y’p’uf(z)

Apu+1
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where b is analytic in U with (0) = 1. Combining (1.8) and (2.3), we find that
!
I;\lp ;H—lf( )
l
Tpuf ()

Taking the logarithmical differentiation on both sides of (2.4) and multiplying
the resulting equation by z, we get

(2.4) =—(p—nbz)—n+p+1

U2 (Bad) @)
p—1 ol e
(2.5) = () + b'(2) < 6(2).

—(p=mh(z) —n+p+1
By virtue of (2.1), an application of Lemma 1 to (2.5) yields h < ¢, that is
feMSy b, #(77, ¢). Thus, the assertion (2.2) of Theorem 1 holds.

To prove the second part of Theorem 1, we assume that f € MSY b, M( o)
and set

@ e
(26) g(Z) T p—n - I;‘L’;L’lf(z) /AR

where g is analytic in U with g(0) = 1. Combining (1.7), (2.1) and (2.6) and
applying the similar method of proof of the first part, we get g < ¢, that is

fe MS;L?J( ; @). Therefore, the second part of Theorem 1 also holds. The

proof of Theorem 1 is evidently completed. O
Theorem 2. Let 0 < < p and ¢ € P with (2.1) holds. Then

MR 1 (136) C MKY) (3 ¢) € MK (0 9).

Proof. In view of (1.9) and Theorem 1, we find that
f GM’C)\pu-i—l(n ®) <:>I/\pu+1f€/\/ll€ (n; 0)
2 (Bl ) € MSy0:0)
— I)\,p utl (—2f") € MS;(n;9)
— —zf' € MS?;:;,“H("?? ®)
(2.7) = —z2f' € MSY, (n:9)
= I)\p# (—2f") € MS;(n; 9)
/
= = (T u0) € MS;0:0)
@IAPMfEMK (m; 0)
— fe MK}, (1:9),
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and

feEMKY) (m:6) <= —zf € MSY) (1;0)
= —z2f' € MSY 1N (n; 9)
(2.8) = T (—2f') € MS)(n; 9)
= Iy e MKy(n; 6)
= fe MKy s 9).

Combining (2.7) and (2.8), we deduce that the assertion of Theorem 2 holds. [

Theorem 3. Let 0 <n<p, 0= <p and ¢, ¥ € P with (2.1) holds. Then
MEY 1 (0, 836,9) € MY, (0,8 6,9) € MCYLE! (0,65 6,4)).

Proof. We begin by proving that

(2.9) MEYL 1 (0,6;0,0) € MCY) (1,656, 9).

Let f € MC;"’; u+1(77’ d; ¢, ). Then, by definition, we know that

n,l !
(2.10) L= (A’p’”lf)()—é <¢¥(z), (2€0)

_ l
p=9 I/T\Z,p /Hrlg( )

with g € MS/\pqul(n’ b).

Moreover, by Theorem 1, we know that g € MSY ; “( 7; ¢), which implies
that

l—n ZM ,(Z)
(2.11) q(z) = L — < 27 ) —n| <¢(2), (z€0U).
A,Pﬁg('z)

We now suppose that

In,l f !
(2.12) p(z) i= ia —Z( s ) 5
p I3, ,.9(2)

, (zel),

where p is analytic in U with p(0) = 1. Combining (1.8) and (2.12), we find
that

(213)  —[(p— (=) + Tt g(z) = TPl L F(2) — (e DIEL F(2).
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Differentiating both sides of (2.13) with respect to z and multiplying the result-
ing equation by z, we get
—(p—9)2p'(2) = [(p = O)p(2) + 8][—(p — Ma(z) =1+ p+1]
N/ !
2 (B f) )
) l )
Iy, ,9(2)

).

(2.14) =

In view of (1.8), (2.11) and (2.14), we conclude that

1 _Z (I;L:pl,;url ) (Z) _5
Pl T a)
(2.15) —p(2) + P (2) <(z), (zeU).

—(p—na(z) —n+p+1

By noting that (2.1) holds and

a(z) < ¢(2), (2€0),

we know that

R(=(p—n)alz) —n+p+1)>0, (2€0).

Thus, an application of Lemma 2 to (2.15) yields
p(z) <¥(2), (z€0),

that is, that f € MC;Z:;’H('O, d; ¢,1), which implies that the assertion (2.9) of
Theorem 3 holds.

By virtue of (1.7) and (2.1), and making use of the similar arguments of the
details above, we deduce that

MCYL (0, 8;0,9) € MCYTE (1,85 0,4p).

A,D, 1 ADs

The proof of Theorem 3 is thus completed. O
Theorem 4. Let 0 < n<p, 0= 0 < p and ¢, ¥ € P with (2.1) holds. Then

MQCY) (0, 8;6,%) C MQCY] (n,8:6,1) € MQCY LN, 6 6,4)).

AP ADs

Proof. In view of (1.10) and Theorem 3, and by similarly applying the method
of proof of Theorem 2, we conclude that the assertion of Theorem 4 holds. [
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3. A set of integral-preserving properties

In this section, we derive some integral-preserving properties involving two fam-
ilies of integral operators.

Theorem 5. Let f € MS/\p“(n, ®) with ¢ € P and

(3.1) R(¢(2)) < W, (z € U; R(v) > p).

Then the integral operator F,(f) defined by

(3.2)  E(f)=F,(f)(z) = 2L /0 L ()dt, (2 € U; R(v) > p)

Zl/
belongs to the class MSK’;M(U; ?).

Proof. Let f € MS/\pN( ;¢). Then, from (3.2), we find that

(33) 2 (T E) @) VL EGE) = (- DT 1)

By setting

L BN (2)
(3.4) P(2) = —— | - 2 (B Pl —],

p—1 v F(f)(2)

we observe that PP is analytic in U with P(0) = 1. It follows from (3.3) and (3.4)
that

N
Lipud )

v Bz

Aps

(3.5) —(p=nPE)—nt+v=~F-p)

Differentiating both sides of (3.5) with respect to z logarithmically and multi-
plying the resulting equation by z, we get

2P (2)
A E
(e
(3.6) - ( ,pu o) 77) < ¢(2), (z€l).
Since (3.1) holds, an application of Lemma 1 to (3.6) yields
L[ 2 (@BEn) @
T TSR R

which implies that the assertion of Theorem 5 holds. O
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Theorem 6. Let f € MIC/\ML( ;@) with ¢ € P and (3.1) holds. Then the
integral operator F,(f) defined by (3.2) belongs to the class MK}\pu( ;).

Proof. By virtue of (1.9) and Theorem 5, we easily find that

fe MKy (10) &= —=f € MSYL (1;0)
= F, (—2f') e MSY} (1:0)
= —z(F,(f)) € MSy(n;9)
= F,(f) € MKy, (1:0).

The proof of Theorem 6 is evidently completed. O

Theorem 7. Let f € MCE}M(n,é; ¢,) with ¢ € P and (3.1) holds. Then the
integral operator F,(f) defined by (3.2) belongs to the class MCY (1, 6; $,v).

Proof. Let f € MC/\pH(n, 0;¢,1). Then, by definition, we know that there
exists a function g € MS;(n; ¢) such that

L (@) @

(3.7)
p=n 7 ,9(2)

—n| <), (2€0).

Since g € MS;(n;¢), by Theorem 5, we easily find that F,(g) € MS,(n;9),
which implies that

L B(9)) (2)
(3.8) H(z) := LI ( At g) —n| < ¢2).

p—1 v Fu(g)(2)

We now set

70 . oh) (2
(3.9) Q(z) = - ? (B Flh) ) s ,

p—9 v Fu(9)(2)

where Q is analytic in U with Q(0) = 1. From (3.3) and (3.9), we get

(3.10) —[(p — O)Q=) + 0T}, Fu(9)(2) + VIy, Fu(f)(2) = (v =PI} f(2).

Combining (3.8), (3.9) and (3.10), we find that
—(p—9)2Q'(2) = [(p — 0)Q(z) + ][~ (p — n)H(2) — n + V]

z (I;:zf,uf> (2)

3.11 = (v — .
(310 VP @)
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By virtue of (1.8), (3.8) and (3.11), we deduce that

1 _Z(I;L:;#f)/(z) -

p—9 v g(2)

2Q'(2)
—(p—n)H(z) —n+v

The remainder of the proof of Theorem 7 is much akin to that of Theorem 3.
We, therefore, choose to omit the analogous details involved. We thus find that

Q(z) <¥(2), (z€0),

which implies that F,(f) € MCK; u(n, d; ¢,1). The proof of Theorem 7 is thus

completed. O

(3.12) =Q(2) +

<¢(z), (ze€l).

Theorem 8. Let f € MQCY, ,(n,0;¢,%) with ¢ € P and (3.1) holds. Then the
integral operator F,(f) defined by (3.2) belongs to the class MQC;:;M(U, 0;0,1).

Proof. In view of (1.10) and Theorem 7, and by similarly applying the method
of proof of Theorem 6, we deduce that the assertion of Theorem 8 holds. O

Theorem 9. Let [ € MS;\Z:;’“('O; @) with ¢ € P and
(3.13) Ro—n&—=p—-n8§ed(2) >0, (2€U; £#0).

Then the function I;Zp qu(f) € X, defined by

2 ,pqu (f): IALWK5 (f)(2)
(3.14) " y
:< z"pg/ 77 Z\lvﬂf(t))gdt> , (€U £€4£0)
0

belongs to the class MSK’;M(H; ?).

Proof. Let f € MS/\pM( ; @) and suppose that

2 (T K¢ / z
(3.15) M(z) := L ( e (f))()—n , (ze.

p=n KN

Combining (3.14) and (3.15), we have

In,l P £
(3.16) o —=n&—p—=nEM(z) = (0 - pf) <M‘f(i”))()> |
ApuE
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Making use of (3.14), (3.15) and (3.16), we get

2M'(2)
M(zHa—nﬁ—(p—n)EM(Z)
(@) e
(3.17) = 71 —n| <¢(2), (z€l).

Since (3.13) holds, an application of Lemma 1 to (3.17) yields
M(z) < ¢(2), (2 €0),

that is, that In ! WJE(f) € MS/\p“(n, ®). We thus complete the proof of The-
orem 9. O

Theorem 10 Let f € MKY, (7;0) with ¢ € P and (3.13) holds. Then the
function IA’ JHE(f) € 5y defined by (3.14) belongs to the class MIC;L’;#(n; ?).

Proof. By virtue of (1.9) and Theorem 9, and by similarly applying the method
of proof of Theorem 6, we conclude that the assertion of Theorem 10 holds. [

Theorem 11. Let f € MC/\pM(n,é; @, ) with ¢ € P and (3.13) holds.
Then the function IAWKg(f) € X, defined by (3.14) belongs to the class
MEY! (1, 8:6,1)).

Proof. Let f € MC;L:;u(n, 0; ¢,1). Then, by definition, we know that there
exists a function g € MS),(n; ) such that (3.7) holds. Since g € MS;(n; ¢), by

Theorem 9, we easily find that Iz\lplqu(g) € MS;(n; ¢), which implies that

1 _Z<I ,puKU(g)>/(z)
p=n 7y K (9)(2)

Ap,p €

(3.18) R(z) := —n | < ¢o(2).

‘We now set

(3.19) L(z) := - -J1,

p—90 I”,MKE(Q)( 2)

where L is analytic in U with L(0) = 1. From (3.14) and (3.19), we get

(8:20) —€[(p—)L(2)+O1Z)) K (9)(2)+0TL KE(f)(2) = (6-pOTL.  f(2):
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Combining (3.18), (3.19) and (3.20), we find that
= &(p— 0)2L'(2) — [(p = O)L(2) + ][ (p — MER(2) — n& + 9]

2 (70),.0) @)
(3.21) = (0 —pﬁ)w.
I>\7p,MK§ (9)(2)
By virtue of (1.8), (3.18) and (3.21), we deduce that
1 z (I;L,’;Mf) (2)

- — 5

N/
POl L)

2Il(2) .
—(p—mER(z) —n&+4

The remainder of the proof of Theorem 11 is similar to that of Theorem 3. We,
therefore, choose to omit the analogous details involved. We thus find that

(3.22) = L(z) +

¥(2), (2.

L(z) <¢(2), (z€D),

which implies that If;qu(f) € MCC\L:];”(U, 0; ¢,1). The proof of Theorem 11

is thus completed. O

Theorem 12. Let f € MQCY) (n,8;6,4) with ¢ € P and (3.13) holds.

Then the function I;L’plqu(f) € X, defined by (3.14) belongs to the class
MQCY, (1,0;6,1).

Aps i

Proof. By virtue of (1.10) and Theorem 11, and by similarly applying the
method of proof of Theorem 6, we deduce that the assertion of Theorem 12
holds. O

4. Subordination and superordination results

Finally, we derive some subordination and superordination results associated
with the operator I;’pl . The proofs are much akin to that of the results obtained
by Cho et al. [4], we here choose to omit the details involved.

Corollary 1. Let f, g€ ¥, and 1 > 0. If

(4.1) R <1 + Z(f;;i?) > —o, (z e U; p(z) := sz;\I”If’ug(z)) ,

where

PN 2N

(4.2) 1 )
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then the following subordination relationship

szf\l,’pl,#f(z) < szf”pl,ug(z), (z € U)

implies that

ST < PTE (), (2 € D)

+1

Furthermore, the function sz;f » L;lg is the best dominant.

)

Corollary 2. Let f, g€ X,. If

2" (z §
R (1 + X’((Z’))> > —, (z elU; x(z):= ZPIA,;,u+19(Z)) ,

where

S e

(4.3) o

then the following subordination relationship

7l ,l
ZpII\L,p,qu(Z) = sz;p#Hg(z), (=€)

implies that
)l 1
PLuf(2) < 2T, ,9(2), (2 € ).

Furthermore, the function zf”I;’pl .9 18 the best dominant.

If f is subordinate to .%#, then .# is superordinate to f. We now derive the
following superordination results.

Corollary 3. Let f, g€ X, and ! > 0. If

!
2¢"(2) : : N/
R(10355) > e (ev v = #300),
where g is given by (4.2), also let the function zPIQ’Zf“f 1s univalent in U and

sz;l;h’lf € Q, then the following subordination relationship

szfjpl,ug(z) =< Zpr\l,’pl’Mf(z), (z€U)

implies that
1,1 1,1
LIV g(2) < PTVEV(2), (2 €T).

Furthermore, the function szf;blg is the best subordinant.
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Corollary 4. Let f, gc X, . If

§R<1+Z;<<(i))> > —w, (zeU; x(2) == 2PT ,pu+1g( ))

where w is given by (4.3), also let the function sz;L’pllH_lf 1s univalent in U

and sz;\L’pluf € Q, then the following subordination relationship

LIV g(2) < PT L f(2), (2 D)

implies that
szf\L:pl#g(z) < sz;zfuf( ), (2€0).
Furthermore, the function sz;’p{ .9 18 the best subordinant.
Combining the above mentioned subordination and superordination results
involving the operator If\i’plw we get the following “sandwich-type results”.

Corollary 5. Let f, gr € X, (k=1,2) and > 0. If

%<1+22k<(z>)) >0 (2€Us pule) =T} k(=) (h=1,2)),

where o is given by (4.2), also let the function sz f is univalent in U and

I”H lf € Q, then the subordination relationship

PIVL g1(2) < PTEL F(2) < TR ga(2), (2 € U)

implies that
1,1 1,1 1,1
zPIj\“;# g1(z) < sz;;# f(z) < pI;;u g2(2), (z€U).

Furthermore, the functions ZPI;:L,; .91 and sz;l; . 92 are, respectively, the best
subordinant and the best dominant.

Corollary 6. Let f, g € X, (k=1,2). If

§R<1+Z>Z’fé))>>—w7 (=€ U xale) = T3 aan(e) (k=1,2)),

where w is given by (4.3), also let the function sz/\’le_l

and sz;?’l f € Q, then the subordination relationship

f is univalent in U

n l
sz” ppr191(2) < 2 I)\pu+1f( 2) =PIV 02(2), (2 €T)

implies that
T gi(z) < TR F(2) < TR (), (2 € D).

Furthermore, the functions z”ff’pl u91 and sz;’p .92 are, respectively, the best
subordinant and the best dominant.
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