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Abstract. Making use of the principle of subordination between analytic functions
and a family of multiplier transforms defined on the space of meromorphic functions, we
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1. Introduction and preliminaries

Let Σp denote the class of functions of the form

(1.1) f(z) = z−p +
∞∑
k=0

akz
k (p ∈ N := {1, 2, 3, . . .}),

which are analytic in the punctured open unit disk

U∗ := {z : z ∈ C and 0 < |z| < 1} =: U\{0}.

Let H(U) be the linear space of all analytic functions in U. For a positive
integer number n and a ∈ C, we let

H[a, n] := {f ∈ H(U) : f(z) = a+ anz
n + an+1z

n+1 + · · · }.
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Let f, g ∈ Σp , where f is given by (1.1) and g is defined by

g(z) = z−p +

∞∑
k=0

bkz
k.

Then the Hadamard product (or convolution) f ∗ g of the functions f and g is
defined by

(f ∗ g)(z) := z−p +

∞∑
k=0

akbkz
k =: (g ∗ f)(z).

Let P denote the class of functions of the form

p (z) = 1 +
∞∑
k=1

pkz
k,

which are analytic and convex in U and satisfy the condition ℜ(p (z)) > 0 (z ∈
U).

For two functions f and g, analytic in U, we say that the function f is
subordinate to g in U, and write f(z) ≺ g(z), (z ∈ U), if there exists a Schwarz
function ω, which is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U) such
that f(z) = g (ω(z)) , (z ∈ U). Indeed, it is known that f(z) ≺ g(z), (z ∈ U) =⇒
f(0) = g(0) and f(U) ⊂ g(U). Furthermore, if the function g is univalent in U,
then we have the following equivalence:

f(z) ≺ g(z) (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

In a recent paper, El-Ashwah [6] defined the multiplier transform Dn, l
λ,p of

functions f ∈ Σp by

Dn, l
λ,pf(z) := z−p +

∞∑
k=0

(
λ+ l(k + p)

λ

)n

akz
k

(z ∈ U∗; λ > 0; l = 0; n ∈ N0 := N ∪ {0}; p ∈ N).

(1.2)

It should be remarked that the operators Dn,1
λ,1 and Dn,1

1,1 are the multiplier
transforms introduced and investigated, respectively, by Sarangi and Uralegaddi
[14], and Uralegaddi and Somanatha [18, 19]. Analogous to Dn, l

λ,p, we here define

a new multiplier transform In, l
λ,p,µ as follows.

By setting

fn, lλ,p (z) := z−p +
∞∑
k=0

(
λ+ l(k + p)

λ

)n

zk,

(z ∈ U∗; n, l = 0; λ > 0; p ∈ N),(1.3)

we define a new function fn, lλ,p,µ(z) in terms of the Hadamard product (or convo-
lution):
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(1.4) fn, lλ,p (z) ∗ fn, lλ,p,µ(z) =
1

z(1 − z)µ
(z ∈ U∗; λ, µ > 0; n, l = 0; p ∈ N).

Then, analogous to Dn, l
λ,p, we have

(1.5) In, l
λ,p,µf(z) := fn, lλ,p,µ(z) ∗ f(z), (z ∈ U∗; f ∈ Σp) ,

where (and throughout this paper unless otherwise mentioned) the parameters
n, l, p, λ and µ are constrained as follows:

n = 0; l = 0; p ∈ N, λ > 0 and µ > 0.

We can easily find from (1.3), (1.4) and (1.5) that

(1.6) In, l
λ,p,µf(z) = z−p +

∞∑
k=0

(µ)k+1

(k + 1)!

(
λ

λ+ l(k + p)

)n

akz
k, (z ∈ U∗),

where (µ)k is the Pochhammer symbol defined by

(µ)k :=

{
1, (k = 0),

µ(µ+ 1) · · · (µ+ k − 1), (k ∈ N).

Clearly, the operator In,1
λ,1,µ (n ∈ N0) is the well-known Cho-Kwon-Srivastava

operator (see, for more details, [2, 3, 8, 13, 15]).
It is readily verified from (1.6) that

(1.7) lz
(
In+1, l
λ,p,µ f

)′
(z) = λIn, l

λ,p,µf(z) − (λ+ p l)In+1, l
λ,p,µ f(z),

and

(1.8) z
(
In, l
λ,p,µf

)′
(z) = µIn, l

λ,p,µ+1f(z) − (µ+ 1)In, l
λ,p,µf(z).

By making use of the principle of subordination between analytic func-
tions, we introduce the subclasses MS∗

p(η;ϕ), MKp(η;ϕ), MCp(η, δ;ϕ, ψ) and
MQCp(η, δ;ϕ, ψ) of the class Σp which are defined by

MS∗
p(η;ϕ) :=

{
f ∈ Σp :

1

p− η

(
−zf

′(z)

f(z)
− η

)
≺ ϕ(z),

(ϕ ∈ P; 0 5 η < p ; z ∈ U)} ,

MKp(η;ϕ) :=

{
f ∈ Σp :

1

p− η

(
−1 − zf ′′(z)

f ′(z)
− η

)
≺ ϕ(z),

(ϕ ∈ P; 0 5 η < p ; z ∈ U)} ,

MCp(η, δ;ϕ, ψ) :=

{
f ∈ Σp : ∃ g ∈ MS∗

p(η;ϕ)

such that
1

p− δ

(
−zf

′(z)

g(z)
− δ

)
≺ ψ(z)

(ϕ, ψ ∈ P; 0 5 η, δ < p ; z ∈ U)

}
,
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and

MQCp(η, δ;ϕ, ψ) :=

{
f ∈ Σp : ∃ g ∈ MKp(η;ϕ)

such that
1

p− δ

(
−(zf ′(z))′

g′(z)
− δ

)
≺ ψ(z), (ϕ, ψ ∈ P; 0 5 η, δ < p ; z ∈ U)

}
.

Indeed, the above mentioned function classes are generalizations of the gen-
eral meromorphic starlike, meromorphic convex, meromorphic close-to-convex
and meromorphic quasi-convex functions in analytic function theory (see, for
details, [1, 7, 11, 12, 16, 17, 20, 21, 22]).

Next, by using the operator defined by (1.6), we define the following sub-

classes MSn, l
λ,p,µ(η;ϕ), MKn, l

λ,p,µ(η;ϕ), MCn, l
λ,p,µ(η, δ;ϕ, ψ) and MQCn, l

λ,p,µ(η, δ;ϕ, ψ)
of the class Σp :

MSn, l
λ,p,µ(η;ϕ) :=

{
f ∈ Σp : In, l

λ,p,µf ∈ MS∗
p(η;ϕ)

}
,

MKn, l
λ,p,µ(η;ϕ) :=

{
f ∈ Σp : In, l

λ,p,µf ∈ MKp(η;ϕ)
}
,

MCn, l
λ,p,µ(η, δ;ϕ, ψ) :=

{
f ∈ Σp : In, l

λ,p,µf ∈ MCp(η, δ;ϕ, ψ)
}
,

and

MQCn, l
λ,p,µ(η, δ;ϕ, ψ) :=

{
f ∈ Σp : In, l

λ,p,µf ∈ MQCp(η, δ;ϕ, ψ)
}
.

Clearly, we know that

(1.9) f ∈ MKn, l
λ,p,µ(η;ϕ) ⇐⇒ −zf ′ ∈ MSn, l

λ,p,µ(η;ϕ),

and

(1.10) f ∈ MQCn, l
λ,p,µ(η, δ;ϕ, ψ) ⇐⇒ −zf ′ ∈ MCn, l

λ,p,µ(η, δ;ϕ, ψ).

In order to prove our main results, we need the following definition and
lemmas.

Definition 1. (See [10]) Denote by Q the set of all functions f that are analytic
and injective on U− E(f), where

E(f) =
{
ε ∈ ∂U : lim

z→ε
f(z) = ∞

}
,

and such that f ′(ε) ̸= 0 for ε ∈ ∂U− E(f).

Lemma 1 ([5]). Let κ, ϑ ∈ C. Suppose also that m is convex and univalent in
U with

m(0) = 1, and ℜ(κm(z) + ϑ) > 0, (z ∈ U).
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If u is analytic in U with u(0) = 1, then the subordination

u(z) +
zu′(z)

κu(z) + ϑ
≺ m(z), (z ∈ U)

implies that
u(z) ≺ m(z), (z ∈ U).

Lemma 2 ([9]). Let h be convex univalent in U and ζ be analytic in U with

ℜ(ζ(z)) = 0, (z ∈ U).

If q is analytic in U and q(0) = h(0), then the subordination

q(z) + ζ(z)zq′(z) ≺ h(z), (z ∈ U)

implies that
q(z) ≺ h(z), (z ∈ U).

The main purpose of the present paper is to investigate some inclusion rela-
tionships and integral-preserving properties of the subclasses

MSn, l
λ,p,µ(η;ϕ), MKn, l

λ,p,µ(η;ϕ), MCn, l
λ,p,µ(η, δ;ϕ, ψ) and MQCn, l

λ,p,µ(η, δ;ϕ, ψ)

of meromorphic functions involving the operator In, l
λ,p,µ. Several subordination

and superordination results involving this operator are also investigated.

2. The main inclusion relationships

We begin by presenting our first inclusion relationship given by Theorem 1
below.

Theorem 1. Let 0 5 η < p and ϕ ∈ P with

(2.1) max
z∈U

{ℜ (ϕ(z))} < min

{
µ+ 1 − η

p− η
,
λ+ p l − η l

(p− η)l

}
, (z ∈ U).

Then
MSn, l

λ,p,µ+1(η;ϕ) ⊂ MSn, l
λ,p,µ(η;ϕ) ⊂ MSn+1, l

λ,p,µ (η;ϕ).

Proof. We first prove that

(2.2) MSn, l
λ,p,µ+1(η;ϕ) ⊂ MSn, l

λ,p,µ(η;ϕ).

Let f ∈ MSn, l
λ,p,µ+1(η;ϕ) and suppose that

(2.3) h(z) :=
1

p− η

−
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µf(z)

− η

 ,
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where h is analytic in U with h(0) = 1. Combining (1.8) and (2.3), we find that

(2.4) µ
In, l
λ,p,µ+1f(z)

In, l
λ,p,µf(z)

= −(p− η)h(z) − η + µ+ 1.

Taking the logarithmical differentiation on both sides of (2.4) and multiplying
the resulting equation by z, we get

1

p− η

−
z
(
In, l
λ,p,µ+1f

)′
(z)

In, l
λ,p,µ+1f(z)

− η


= h(z) +

zh′(z)

−(p− η)h(z) − η + µ+ 1
≺ ϕ(z).(2.5)

By virtue of (2.1), an application of Lemma 1 to (2.5) yields h ≺ ϕ, that is

f ∈ MSn, l
λ,p,µ(η;ϕ). Thus, the assertion (2.2) of Theorem 1 holds.

To prove the second part of Theorem 1, we assume that f ∈ MSn, l
λ,p,µ(η;ϕ)

and set

(2.6) g(z) :=
1

p− η

−
z
(
In+1, l
λ,p,µ f

)′
(z)

In+1, l
λ,p,µ f(z)

− η

 ,

where g is analytic in U with g(0) = 1. Combining (1.7), (2.1) and (2.6) and
applying the similar method of proof of the first part, we get g ≺ ϕ, that is
f ∈ MSn+1, l

λ,p,µ (η;ϕ). Therefore, the second part of Theorem 1 also holds. The
proof of Theorem 1 is evidently completed.

Theorem 2. Let 0 5 η < p and ϕ ∈ P with (2.1) holds. Then

MKn, l
λ,p,µ+1(η;ϕ) ⊂ MKn, l

λ,p,µ(η;ϕ) ⊂ MKn+1, l
λ,p,µ (η;ϕ).

Proof. In view of (1.9) and Theorem 1, we find that

f ∈ MKn, l
λ,p,µ+1(η;ϕ) ⇐⇒ In, l

λ,p,µ+1f ∈ MKp(η;ϕ)

⇐⇒ −z
(
In, l
λ,p,µ+1f

)′
∈ MS∗

p(η;ϕ)

⇐⇒ In, l
λ,p,µ+1

(
−zf ′

)
∈ MS∗

p(η;ϕ)

⇐⇒ −zf ′ ∈ MSn, l
λ,p,µ+1(η;ϕ)

=⇒ −zf ′ ∈ MSn, l
λ,p,µ(η;ϕ)

⇐⇒ In, l
λ,p,µ

(
−zf ′

)
∈ MS∗

p(η;ϕ)

⇐⇒ −z
(
In, l
λ,p,µf

)′
∈ MS∗

p(η;ϕ)

⇐⇒ In, l
λ,p,µf ∈ MKp(η;ϕ)

⇐⇒ f ∈ MKn, l
λ,p,µ(η;ϕ),

(2.7)
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and

f ∈ MKn, l
λ,p,µ(η;ϕ) ⇐⇒ −zf ′ ∈ MSn, l

λ,p,µ(η;ϕ)

=⇒ −zf ′ ∈ MSn+1, l
λ,p,µ (η;ϕ)

⇐⇒ In+1, l
λ,p,µ

(
−zf ′

)
∈ MS∗

p(η;ϕ)

⇐⇒ In+1, l
λ,p,µ f ∈ MKp(η;ϕ)

⇐⇒ f ∈ MKn+1, l
λ,p,µ (η;ϕ).

(2.8)

Combining (2.7) and (2.8), we deduce that the assertion of Theorem 2 holds.

Theorem 3. Let 0 5 η < p, 0 5 δ < p and ϕ, ψ ∈ P with (2.1) holds. Then

MCn, l
λ,p,µ+1(η, δ;ϕ, ψ) ⊂ MCn, l

λ,p,µ(η, δ;ϕ, ψ) ⊂ MCn+1, l
λ,p,µ (η, δ;ϕ, ψ).

Proof. We begin by proving that

(2.9) MCn, l
λ,p,µ+1(η, δ;ϕ, ψ) ⊂ MCn, l

λ,p,µ(η, δ;ϕ, ψ).

Let f ∈ MCn, l
λ,p,µ+1(η, δ;ϕ, ψ). Then, by definition, we know that

(2.10)
1

p− δ

−
z
(
In, l
λ,p,µ+1f

)′
(z)

In, l
λ,p,µ+1g(z)

− δ

 ≺ ψ(z), (z ∈ U)

with g ∈ MSn, l
λ,p,µ+1(η;ϕ).

Moreover, by Theorem 1, we know that g ∈ MSn, l
λ,p,µ(η;ϕ), which implies

that

(2.11) q(z) :=
1

p− η

−
z
(
In, l
λ,p,µg

)′
(z)

In, l
λ,p,µg(z)

− η

 ≺ ϕ(z), (z ∈ U) .

We now suppose that

(2.12) p(z) :=
1

p− δ

−
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µg(z)

− δ

 , (z ∈ U) ,

where p is analytic in U with p(0) = 1. Combining (1.8) and (2.12), we find
that

(2.13) −[(p− δ)p(z) + δ]In, l
λ,p,µg(z) = µIn, l

λ,p,µ+1f(z) − (µ+ 1)In, l
λ,p,µf(z).
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Differentiating both sides of (2.13) with respect to z and multiplying the result-
ing equation by z, we get

− (p− δ)zp′(z) − [(p− δ)p(z) + δ][−(p− η)q(z) − η + µ+ 1]

= µ
z
(
In, l
λ,p,µ+1f

)′
(z)

In, l
λ,p,µg(z)

.(2.14)

In view of (1.8), (2.11) and (2.14), we conclude that

1

p− δ

−
z
(
In, l
λ,p,µ+1f

)′
(z)

In, l
λ,p,µ+1g(z)

− δ


= p(z) +

zp′(z)

−(p− η)q(z) − η + µ+ 1
≺ ψ(z), (z ∈ U).(2.15)

By noting that (2.1) holds and

q(z) ≺ ϕ(z), (z ∈ U) ,

we know that

ℜ(−(p− η)q(z) − η + µ+ 1) > 0, (z ∈ U).

Thus, an application of Lemma 2 to (2.15) yields

p(z) ≺ ψ(z), (z ∈ U) ,

that is, that f ∈ MCn, l
λ,p,µ(η, δ;ϕ, ψ), which implies that the assertion (2.9) of

Theorem 3 holds.

By virtue of (1.7) and (2.1), and making use of the similar arguments of the
details above, we deduce that

MCn, l
λ,p,µ(η, δ;ϕ, ψ) ⊂ MCn+1, l

λ,p,µ (η, δ;ϕ, ψ).

The proof of Theorem 3 is thus completed.

Theorem 4. Let 0 5 η < p, 0 5 δ < p and ϕ, ψ ∈ P with (2.1) holds. Then

MQCn, l
λ,p,µ+1(η, δ;ϕ, ψ) ⊂ MQCn, l

λ,p,µ(η, δ;ϕ, ψ) ⊂ MQCn+1, l
λ,p,µ (η, δ;ϕ, ψ).

Proof. In view of (1.10) and Theorem 3, and by similarly applying the method
of proof of Theorem 2, we conclude that the assertion of Theorem 4 holds.
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3. A set of integral-preserving properties

In this section, we derive some integral-preserving properties involving two fam-
ilies of integral operators.

Theorem 5. Let f ∈ MSn, l
λ,p,µ(η;ϕ) with ϕ ∈ P and

(3.1) ℜ(ϕ(z)) <
ℜ(ν) − η

p− η
, (z ∈ U; ℜ(ν) > p).

Then the integral operator Fν(f) defined by

(3.2) Fν(f) := Fν(f)(z) =
ν − p

zν

∫ z

0
tν−1f(t)dt, (z ∈ U; ℜ(ν) > p)

belongs to the class MSn, l
λ,p,µ(η;ϕ).

Proof. Let f ∈ MSn, l
λ,p,µ(η;ϕ). Then, from (3.2), we find that

(3.3) z
(
In, l
λ,p,µFν(f)

)′
(z) + νIn, l

λ,p,µFν(f)(z) = (ν − p)In, l
λ,p,µf(z).

By setting

(3.4) P(z) :=
1

p− η

−
z
(
In, l
λ,p,µFν(f)

)′
(z)

In, l
λ,p,µFν(f)(z)

− η

 ,

we observe that P is analytic in U with P(0) = 1. It follows from (3.3) and (3.4)
that

(3.5) −(p− η)P(z) − η + ν = (ν − p)
In, l
λ,p,µf(z)

In, l
λ,p,µFν(f)(z)

.

Differentiating both sides of (3.5) with respect to z logarithmically and multi-
plying the resulting equation by z, we get

P(z) +
zP′(z)

−(p− η)P(z) − η + ν

=
1

p− η

(
−
z(In, l

λ,p,µf)′(z)

In, l
λ,p,µf(z)

− η

)
≺ ϕ(z), (z ∈ U).(3.6)

Since (3.1) holds, an application of Lemma 1 to (3.6) yields

1

p− η

−
z
(
In, l
λ,p,µFν(f)

)′
(z)

In, l
λ,p,µFν(f)(z)

− η

 ≺ ϕ(z),

which implies that the assertion of Theorem 5 holds.
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Theorem 6. Let f ∈ MKn, l
λ,p,µ(η;ϕ) with ϕ ∈ P and (3.1) holds. Then the

integral operator Fν(f) defined by (3.2) belongs to the class MKn, l
λ,p,µ(η;ϕ).

Proof. By virtue of (1.9) and Theorem 5, we easily find that

f ∈ MKn, l
λ,p,µ(η;ϕ) ⇐⇒ −zf ′ ∈ MSn, l

λ,p,µ(η;ϕ)

=⇒ Fν

(
−zf ′

)
∈ MSn, l

λ,p,µ(η;ϕ)

⇐⇒ −z (Fν(f))′ ∈ MS∗
p(η;ϕ)

⇐⇒ Fν(f) ∈ MKn, l
λ,p,µ(η;ϕ).

The proof of Theorem 6 is evidently completed.

Theorem 7. Let f ∈ MCn
λ,µ(η, δ;ϕ, ψ) with ϕ ∈ P and (3.1) holds. Then the

integral operator Fν(f) defined by (3.2) belongs to the class MCn
λ,µ(η, δ;ϕ, ψ).

Proof. Let f ∈ MCn, l
λ,p,µ(η, δ;ϕ, ψ). Then, by definition, we know that there

exists a function g ∈ MS∗
p(η;ϕ) such that

(3.7)
1

p− η

−
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µg(z)

− η

 ≺ ψ(z), (z ∈ U) .

Since g ∈ MS∗
p(η;ϕ), by Theorem 5, we easily find that Fν(g) ∈ MS∗

p(η;ϕ),
which implies that

(3.8) H(z) :=
1

p− η

−
z
(
In, l
λ,p,µFν(g)

)′
(z)

In, l
λ,p,µFν(g)(z)

− η

 ≺ ϕ(z).

We now set

(3.9) Q(z) :=
1

p− δ

−
z
(
In, l
λ,p,µFν(f)

)′
(z)

In, l
λ,p,µFν(g)(z)

− δ

 ,

where Q is analytic in U with Q(0) = 1. From (3.3) and (3.9), we get

(3.10) −[(p− δ)Q(z) + δ]In, l
λ,p,µFν(g)(z) + νIn, l

λ,p,µFν(f)(z) = (ν − p)In, l
λ,p,µf(z).

Combining (3.8), (3.9) and (3.10), we find that

− (p− δ)zQ′(z) − [(p− δ)Q(z) + δ][−(p− η)H(z) − η + ν]

= (ν − p)
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µFν(g)(z)

.(3.11)
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By virtue of (1.8), (3.8) and (3.11), we deduce that

1

p− δ

−
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µg(z)

− δ


= Q(z) +

zQ′(z)

−(p− η)H(z) − η + ν
≺ ψ(z), (z ∈ U).(3.12)

The remainder of the proof of Theorem 7 is much akin to that of Theorem 3.
We, therefore, choose to omit the analogous details involved. We thus find that

Q(z) ≺ ψ(z), (z ∈ U),

which implies that Fν(f) ∈ MCn, l
λ,p,µ(η, δ;ϕ, ψ). The proof of Theorem 7 is thus

completed.

Theorem 8. Let f ∈ MQCn, l
λ,p,µ(η, δ;ϕ, ψ) with ϕ ∈ P and (3.1) holds. Then the

integral operator Fν(f) defined by (3.2) belongs to the class MQCn, l
λ,p,µ(η, δ;ϕ, ψ).

Proof. In view of (1.10) and Theorem 7, and by similarly applying the method
of proof of Theorem 6, we deduce that the assertion of Theorem 8 holds.

Theorem 9. Let f ∈ MSn, l
λ,p,µ(η;ϕ) with ϕ ∈ P and

(3.13) ℜ (σ − η ξ − (p− η)ξ ϕ(z)) > 0, (z ∈ U; ξ ̸= 0).

Then the function In, l
λ,p,µK

σ
ξ (f) ∈ Σp defined by

In, l
λ,p,µK

σ
ξ (f) :=In, l

λ,p,µK
σ
ξ (f)(z)

=

(
σ − p ξ

zσ

∫ z

0
tσ−1

(
In
λ,µf(t)

)ξ
dt

)1/ξ

, (z ∈ U∗; ξ ̸= 0)
(3.14)

belongs to the class MSn, l
λ,p,µ(η;ϕ).

Proof. Let f ∈ MSn, l
λ,p,µ(η;ϕ) and suppose that

(3.15) M(z) :=
1

p− η

−
z
(
In, l
λ,p,µK

σ
ξ (f)

)′
(z)

In, l
λ,p,µK

σ
ξ (f)(z)

− η

 , (z ∈ U).

Combining (3.14) and (3.15), we have

(3.16) σ − η ξ − (p− η)ξM(z) = (σ − p ξ)

(
In, l
λ,p,µf(z)

In, l
λ,p,µK

σ
ξ (f)(z)

)ξ

.
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Making use of (3.14), (3.15) and (3.16), we get

M(z) +
zM′(z)

σ − η ξ − (p− η)ξM(z)

=
1

p− η

−
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µf(z)

− η

 ≺ ϕ(z), (z ∈ U).(3.17)

Since (3.13) holds, an application of Lemma 1 to (3.17) yields

M(z) ≺ ϕ(z), (z ∈ U),

that is, that In, l
λ,p,µK

σ
ξ (f) ∈ MSn, l

λ,p,µ(η;ϕ). We thus complete the proof of The-
orem 9.

Theorem 10. Let f ∈ MKn, l
λ,p,µ(η;ϕ) with ϕ ∈ P and (3.13) holds. Then the

function In, l
λ,p,µK

σ
ξ (f) ∈ Σp defined by (3.14) belongs to the class MKn, l

λ,p,µ(η;ϕ).

Proof. By virtue of (1.9) and Theorem 9, and by similarly applying the method
of proof of Theorem 6, we conclude that the assertion of Theorem 10 holds.

Theorem 11. Let f ∈ MCn, l
λ,p,µ(η, δ;ϕ, ψ) with ϕ ∈ P and (3.13) holds.

Then the function In, l
λ,p,µK

σ
ξ (f) ∈ Σp defined by (3.14) belongs to the class

MCn, l
λ,p,µ(η, δ;ϕ, ψ).

Proof. Let f ∈ MCn, l
λ,p,µ(η, δ;ϕ, ψ). Then, by definition, we know that there

exists a function g ∈ MS∗
p(η;ϕ) such that (3.7) holds. Since g ∈ MS∗

p(η;ϕ), by

Theorem 9, we easily find that In, l
λ,p,µK

σ
ξ (g) ∈ MS∗

p(η;ϕ), which implies that

(3.18) R(z) :=
1

p− η

−
z
(
In, l
λ,p,µK

σ
ξ (g)

)′
(z)

In, l
λ,p,µK

σ
ξ (g)(z)

− η

 ≺ ϕ(z).

We now set

(3.19) L(z) :=
1

p− δ

−
z
(
In, l
λ,p,µK

σ
ξ (f)

)′
(z)

In, l
λ,p,µK

σ
ξ (g)(z)

− δ

 ,

where L is analytic in U with L(0) = 1. From (3.14) and (3.19), we get

(3.20) −ξ[(p−δ)L(z)+δ]In, l
λ,p,µK

σ
ξ (g)(z)+δIn, l

λ,p,µK
σ
ξ (f)(z) = (δ−p ξ)In, l

λ,p,µf(z).
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Combining (3.18), (3.19) and (3.20), we find that

− ξ(p− δ)zL′(z) − [(p− δ)L(z) + δ][−(p− η)ξR(z) − η ξ + δ]

= (δ − p ξ)
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µK

σ
ξ (g)(z)

.(3.21)

By virtue of (1.8), (3.18) and (3.21), we deduce that

1

p− δ

−
z
(
In, l
λ,p,µf

)′
(z)

In, l
λ,p,µg(z)

− δ


= L(z) +

zL′(z)

−(p− η)ξR(z) − η ξ + δ
≺ ψ(z), (z ∈ U).(3.22)

The remainder of the proof of Theorem 11 is similar to that of Theorem 3. We,
therefore, choose to omit the analogous details involved. We thus find that

L(z) ≺ ψ(z), (z ∈ U),

which implies that In, l
λ,p,µK

σ
ξ (f) ∈ MCn, l

λ,p,µ(η, δ;ϕ, ψ). The proof of Theorem 11
is thus completed.

Theorem 12. Let f ∈ MQCn, l
λ,p,µ(η, δ;ϕ, ψ) with ϕ ∈ P and (3.13) holds.

Then the function In, l
λ,p,µK

σ
ξ (f) ∈ Σp defined by (3.14) belongs to the class

MQCn, l
λ,p,µ(η, δ;ϕ, ψ).

Proof. By virtue of (1.10) and Theorem 11, and by similarly applying the
method of proof of Theorem 6, we deduce that the assertion of Theorem 12
holds.

4. Subordination and superordination results

Finally, we derive some subordination and superordination results associated
with the operator In, l

λ,p,µ. The proofs are much akin to that of the results obtained
by Cho et al. [4], we here choose to omit the details involved.

Corollary 1. Let f, g ∈ Σp and l > 0. If

(4.1) ℜ
(

1 +
zφ′′(z)

φ′(z)

)
> −ϱ,

(
z ∈ U; φ(z) := zpIn, l

λ,p,µg(z)
)
,

where

(4.2) ϱ :=
l2 + λ2 − |l2 − λ2|

4lλ
,
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then the following subordination relationship

zpIn, l
λ,p,µf(z) ≺ zpIn, l

λ,p,µg(z), (z ∈ U)

implies that

zpIn+1, l
λ,p,µ f(z) ≺ zpIn+1, l

λ,p,µ g(z), (z ∈ U).

Furthermore, the function zpIn+1, l
λ,p,µ g is the best dominant.

Corollary 2. Let f, g ∈ Σp . If

ℜ
(

1 +
zχ′′(z)

χ′(z)

)
> −ϖ,

(
z ∈ U; χ(z) := zpIn, l

λ,p,µ+1g(z)
)
,

where

(4.3) ϖ :=
1 + µ2 − |1 − µ2|

4µ
,

then the following subordination relationship

zpIn, l
λ,p,µ+1f(z) ≺ zpIn, l

λ,p,µ+1g(z), (z ∈ U)

implies that

zpIn, l
λ,p,µf(z) ≺ zpIn, l

λ,p,µg(z), (z ∈ U).

Furthermore, the function zpIn, l
λ,p,µg is the best dominant.

If f is subordinate to F , then F is superordinate to f . We now derive the
following superordination results.

Corollary 3. Let f, g ∈ Σp and l > 0. If

ℜ
(

1 +
zφ′′(z)

φ′(z)

)
> −ϱ,

(
z ∈ U; φ(z) := zpIn, l

λ,p,µg(z)
)
,

where ϱ is given by (4.2), also let the function zpIn, l
λ,p,µf is univalent in U and

zpIn+1, l
λ,p,µ f ∈ Q, then the following subordination relationship

zpIn, l
λ,p,µg(z) ≺ zpIn, l

λ,p,µf(z), (z ∈ U)

implies that

zpIn+1, l
λ,p,µ g(z) ≺ zpIn+1, l

λ,p,µ f(z), (z ∈ U).

Furthermore, the function zpIn+1, l
λ,p,µ g is the best subordinant.
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Corollary 4. Let f, g ∈ Σp . If

ℜ
(

1 +
zχ′′(z)

χ′(z)

)
> −ϖ,

(
z ∈ U; χ(z) := zpIn, l

λ,p,µ+1g(z)
)
,

where ϖ is given by (4.3), also let the function zpIn, l
λ,p,µ+1f is univalent in U

and zpIn, l
λ,p,µf ∈ Q, then the following subordination relationship

zpIn, l
λ,p,µ+1g(z) ≺ zpIn, l

λ,p,µ+1f(z), (z ∈ U)

implies that
zpIn, l

λ,p,µg(z) ≺ zpIn, l
λ,p,µf(z), (z ∈ U).

Furthermore, the function zpIn, l
λ,p,µg is the best subordinant.

Combining the above mentioned subordination and superordination results
involving the operator In, l

λ,p,µ, we get the following “sandwich-type results”.

Corollary 5. Let f, gk ∈ Σp (k = 1, 2) and l > 0. If

ℜ
(

1 +
zφ′′

k(z)

φ′
k(z)

)
> −ϱ,

(
z ∈ U; φk(z) := zpIn, l

λ,p,µgk(z) (k = 1, 2)
)
,

where ϱ is given by (4.2), also let the function zpIn, l
λ,p,µf is univalent in U and

zpIn+1, l
λ,p,µ f ∈ Q, then the subordination relationship

zpIn, l
λ,p,µg1(z) ≺ zpIn, l

λ,p,µf(z) ≺ zpIn, l
λ,p,µg2(z), (z ∈ U)

implies that

zpIn+1, l
λ,p,µ g1(z) ≺ zpIn+1, l

λ,p,µ f(z) ≺ zpIn+1, l
λ,p,µ g2(z), (z ∈ U).

Furthermore, the functions zpIn+1, l
λ,p,µ g1 and zpIn+1, l

λ,p,µ g2 are, respectively, the best
subordinant and the best dominant.

Corollary 6. Let f, gk ∈ Σp (k = 1, 2). If

ℜ
(

1 +
zχ′′

k(z)

χ′
k(z)

)
> −ϖ,

(
z ∈ U; χk(z) := zpIn, l

λ,p,µ+1gk(z) (k = 1, 2)
)
,

where ϖ is given by (4.3), also let the function zpIn, l
λ,p,µ+1f is univalent in U

and zpIn, l
λ,p,µf ∈ Q, then the subordination relationship

zpIn, l
λ,p,µ+1g1(z) ≺ zpIn, l

λ,p,µ+1f(z) ≺ zpIn, l
λ,p,µ+1g2(z), (z ∈ U)

implies that

zpIn, l
λ,p,µg1(z) ≺ zpIn, l

λ,p,µf(z) ≺ zpIn, l
λ,p,µg2(z), (z ∈ U).

Furthermore, the functions zpIn, l
λ,p,µg1 and zpIn, l

λ,p,µg2 are, respectively, the best
subordinant and the best dominant.
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